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Abstract. Let Bn be the group of upper-triangular invertible nxn matrices and 
Xn be the variety of strictly upper triangular nxn matrices of nilpotent order 
2. B„ acts on Xn by conjugation. In this paper we describe geometry of orbits 
Xn/ Bn in terms of link patterns. 

Further we apply this description to the computations of the closures of orbital 
varieties of nilpotent order 2 and intersections of components of a Springer fiber 
of nilpotent order 2. In particular we connect our results to the combinatorics of 
meanders and Temperley-Lieb algebras. 



1. Introduction 

1.1. Let M = M„(C) be an algebra of n x n matrices over complex numbers. Let 
G = GLni^C) be a general linear group. Consider its action on M by conjugation. 
For w e M let C»„ := G.u := {AuA'^ \ A e G} denote its orbit. 

Let = {w e M I = for some k} be the nilpotent cone of M. Classical 
Jordan- Gerstenhaber theory gives a complete combinatorial description of geometry 
of the variety of (nilpotent) orbits where m G in terms of Young diagrams. 

Let n = n„ C M be a subalgebra of strictly upper-triangular matrices. Let B C G 
be a (Borel) subgroup of upper-triangular invertible matrices. Consider its action 
on n by conjugation. For m G n let i3„ := B.w = {AuA~^ \ A G B} denote its 
orbit under action of B. In general for n > 6 the number of such orbits is infinite 
and there is no combinatorial theory in the spirit of Jordan-Gerstenhaber theory 
describing the geometry of these orbits. 

However, if we take a subvariety of matrices of nilpotent order 2, that is X : = 
:= {u & n \ u"^ = 0} then the number of B orbits in X is equal to the number 
of involutions of the symmetric group S„. We show in the paper that the complete 
combinatorial description of geometry of B orbits in X can be obtained in terms of 
link patterns in the spirit of Jordan-Gerstenhaber theory. 

Further we give two important application of the technique of link patterns, one in 
the theory of orbital varieties and another one in the computations of intersections 
of the components of a Springer fiber. 



Key words and phrases. Borel adjoint orbits; involutions and link patterns; Springer fibers and 
orbital varieties; Young tableaux. 
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1.2. Let US first recall in short Jordan- Gerstenhaber theory. 

Let A = (Ai > A2 > ■ ■ ■ > Afc > 0) h n be a partition of n (ordered in decreasing 
order). Set A* := {A^ > A2 > ■ ■ ■ > AJ" > 0} to be the conjugate partition, that is 
A* = ttO I A, > z}. 

The unique eigenvalue of a nilpotent matrix is 0, so that Jordan form of it G 
is defined completely by the lengths of its Jordan blocks, which is defined in turn 
by some partition of n. Since each nilpotent orbit has a unique Jordan form up to 
the order of Jordan blocks we have a bijection between nilpotent orbits and ordered 
partitions. We can write J{u) := A and Ox := Ou where A is the corresponding 
partition. 

Let V denote the closure of variety V with respect to Zariski topology. The 
geometry of Ox is described combinatorially in terms of partitions. We begin with 
the formula of the dimension of an orbit: 

I 

dimOx = n'-Y,iKf- (*) 

i=l 

Our next goal is a combinatorial description of the closure of an orbit. 

A partial order on partitions (called a dominance order) is defined as follows. 
Let X, II h n be ordered in decreasing order A = (Ai > A2 > . . . A^ > 0) and 
fJ- = (/^i > /J2 > • • • A^z > 0). Set A > ^ if for any j : 1 < j < min(fc, /) one has 

j j 

1=1 1=1 

Let ]J denote a disjoint union. By a theorem of M. Gerstehaber (cf. ^ for 
example) 

= n o,. 

Given a partition A = (Ai > . . . > A^ > 0) we define the corresponding Young 
diagram Dx of A to be an array of k rows of cells starting on the left with the i-th 
row containing Aj cells. 

Young diagrams are a very convenient visualization of the partitions with respect 
to nilpotent orbits. Indeed, the dual partition used in (*) is simply the list of lengths 
of the columns of the corresponding Young diagrams. Also, /i < A if is obtained 
from Dx by pushing down some cells. In particular, the cover of a given partition 
(that is all the maximal partitions strictly smaller than the given one) with respect 
to the dominance order is described easily in the terms of Young diagrams. 

Indeed, let = (/ii, . . .) be in the cover of A = (Ai, . . .). Then 11 is obtained from 
A in one of two ways: 

(i) There exists i such that Aj — Aj+i > 2. Then ^ij = Xj for j i, i + 1 and 

A^i = Aj — 1, /ij+i = Aj+i + 1 . 
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In this case dim (9^ = dim Ox 



2. 



(ii) There exists i such that Aj+i = Aj+2 = ■ ■ ■ = Aj+fc = Aj — 1 for some k > 1 
and Xi+k+i = Aj — 2. Then /ij = Xj for j ^ i, i + k + 1 and 

= Aj — 1, ^i-^k+i = Aj — 1 . 
In this case dim (9^ = dimO^ ^ 2(A; + 1). 
In particular the cover of a nilpotent orbit is not equidimensional in general. 
The above result can be described by Young diagrams as follows. 
In the first case is obtained from Dx by pushing one box down one row (and 
possible across several columns). For example, 
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In the second case diagram is obtained from Dx by pushing one box across 
one column (and possible down several rows). For example, 
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1.3. In the paper we show that link patterns play the same role for the combinato- 
rial description of geometry of B orbits in X as Young diagrams for the description 
of geometry of nilpotent orbits. First we describe the bijection between B orbits in 
X and link patterns. 

Let := {cr G S„ I cr^ = Id} be the subset of involutions of the symmetric group 
S„. For any cr G let No- be the matrix obtained from the representation matrix 
of a by erasing the lower-triangular part (including the main diagonal), that is 



1 if i < j and cr(i) 
otherwise. 



One can see at once that A'^^- G X for any a G S^. Moreover by ^ 2.2] one has 

'^^= II ^iV. 
^es2 
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Thus, B orbits in X are labelled by involutions of S„. Put := Bn„. 

Given cr e the corresponding link pattern Per is an array of n points on a 
(horizontal) line where points i ^ j are connected by an arc if a{i) = j. We will call 
such points end points of an arc. A point i satisfying a{i) = i is called a fixed point 
of Pg.- For example, for a = (1, 3) (2, 6) (4, 7) G Sy one has 




1 2 3 4 5 6 7 



The only fixed point of is 5. 

Remark. I found the notion of link pattern in the papers in combinatorics and 
mathematical physics [19], [6], [1]. In general link patterns considered there are 
patterns with maximal possible number of arcs and a link pattern is a circle with 
n points rather than a line. Respectively the authors use a word "arch" not "arc". 
I adopted the notion of a link pattern from them, however it seems to me that the 
word "arc" is more appropriate in the representation given here. 

1.4. Let us explain the role of link patterns in the description of geometry of B 
orbits in X. 

Let be an orbit in X and be the corresponding link pattern. We begin with 
formula of dim;Bo- in terms of a link pattern. Given cr = (zi, ji) . . . {ik,jk) £ (in 
cyclic form). 

• Put i{Pa) '■= k to be the number of arcs in P„ (we will call it the length of 
a pattern); 

• Arcs {i' ij') where i < i' of P^j are called intersecting if i < i' < j and 
/ > j. We say that arcs have a crossing in this case. Put c(Po-) 
to be the number of crossings of arcs in Po-; 

• Let {p<i}"r^^ be the set of fixed points of P^. For s : 1 < s < n — 2k put 
fps (-Po-) to be the number of arcs {it,jt) over Ps (that is such that it < Ps < it) 
and /(P.) :=E::f /p.ra- 

In the example above £(P^) = 3, c{P^) = 2, and f{P^) = h{P^) = 2. 
As we show in 13.11 one has 

dimi3. = i{P^) ■ {n - e{P^)) - c(P^) - f{P^). 

Thus, in our example dim i^^- = 3- 4 — 2 — 2 = 8. 

Note that can be stratified by the length of link patterns. Put S^(A;) := {a G 
I e{P^) = k}. One has = U Sl{k). 



B-ORBITS AND PATTERNS 



5 



Note that this stratification partitions B orbits in X into sets belonging to the 
same nilpotent orbit. Indeed, put Oa '■= On^, then Oa = O^' iff ^{Pa) = (-{Pa')- 
This is because a nilpotent orbit of nilpotent order 2 is completely defined by the 
rank of its representing matrix and Rank (A^o-) = i{Pa)- 

1.5. Further we describe in terms of P^- 

For i,j : 1 < i < j < tt, let := {s}^^^ be the set of integer points of a 
segment For an arc {is,js) £ Pa we put {is,js) G [hj] if i < is,js < j- For 

i,j : 1 < i < j < n let {Ra)i,j be the number of arcs in Pg. belonging to Just 
for convenience we can represent R„ as an n x n matrix with integer non negative 
entries by setting {Ra)i,j = for any i > j. In our example 



Rn 



/ 1 1 1 2 3 \ 

1 2 

1 

1 





Vooooooo/ 

by A ^ S if for any i,j : 1 < i, j < n one has 
(^)ij ^ {P)i,j- This order induces a partial order on involutions by putting a y a' 
if rI h Ra'- Then, by HH and O one has 



Define a partial order on M„( 



1.6. Let us apply the previous result to the cover of a given a with respect to order 
^. We describe the cover in terms of link patterns only. 

First, notice that nilpotent orbits of nilpotent order 2 are ordered linearly with 
respect to a dominance order. Indeed, given A, /i corresponding to nilpotent orbits 
of nilpotent order 2 then A* = (n — k, k) and fi* = {n — m, m). One has /i < A iff 
m < k otherwise /i > A. Thus, for any nilpotent orbits 0,0' of nilpotent order 2 
one has either O G O or O D O. In particular the cover of partition {n — k, k)* 
consists of the unique partition {n — k + 1, k — 1)* (it is of type (ii) described in 
D- 

Let C(cr) denote the cover for a given a G with respect to order ^ . In 13.91 we 
show that a' G C{a) iff codim^^So-/ = 1 so that the cover with respect to order ^ is 
equidimensional. 

However, from geometric point of view there are two interesting subsets of el- 
ements smaller than a. The first one is Af{a) - the subset of maximal elements 
smaller than a in the set of patterns of smaller length. The second one is 'D{a) : = 
C{a)nSl{i{P^)). 
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Let a G S^(A;). Geometric meaning of Af{a) is provided by 

As for T'(cr) it helps to understand the structure of B„ inside of 0„. In particular 
for a, a' G S^(A;) such that dim So- = dim Ba' one has codim;^ {B^ H B^') = 1 if and 
only if V{a) H V{a') ^ 0. 

We give the combinatorial description in terms of link patterns of both AA(cr) and 
P(cr). The description of A/'(cr) in terms of link patterns is very simple. We call an 
arc of Per external if there is no arc over it, that is G Pa is external if for any 
arc {i'J') ^ in P^ one has ^ [i'J']. 

All the elements of A/'(o") are obtained from a by deleting an external arc. So the 
number of elements in A/'(cr) is equal to the number of external arcs in a and all the 
elements in M{a) are in S'^{i{Pa) — 1). 

Note that in general 

• the set {Ba' \ o' G A^(o")} is not equidimensional; 

• A/'(cr) is not a subset of C(cr). 

P(cr) consists of 3 possible types of elements. We describe them in l3.41l3l6l 

1.7. All the results mentioned above are based on pjj and we use heavily the results 
of this paper in our proofs. The advantage of the representation of involutions by 
link patterns is that the complex combinatorics of [TT] becomes easy and natural in 
this language. 

The fact that codimg^Sg.' = 1 for any o' G C[o) was shown already in |14j . 
However, the proof provided there involves a lot of computations and here using the 
technique of link patterns we prove it in a few lines. 

1.8. Let us use the technique of link patterns to study orbital varieties of nilpotent 
order 2 and components of Springer fibers of nilpotent order 2. To do this we 
consider link patterns without intersecting arcs and without fixed points under the 
arcs. They are the most simple link patterns from the combinatorial point of view 
on one hand and the most important objects for the applications to representation 
theory on the other hand. 

By 11.41 (X\m.B„ = {n — k)k (that is Ba is of maximal possible dimension) iff Pa is 
such link pattern. Note that by[T2]dim(9(„_jt fc). = ~ k'^ — {n — k^ = 2k{n — A;). 
Since in general dimBu < 0.5 dimO^ for -u G n we get that Ba corresponding to link 
patterns without intersecting arcs and without fixed points under the arcs are B 
orbits of maximal possible dimension. Moreover, their closures in Oa are Lagrangian 
subvarieties of Oa, called orbital varieties. 

Let us give a brief general description of an orbital variety (cf. 12. 21 for the details). 
Let O he a nilpotent orbit in a semisimple Lie algebra q. Let us fix some triangular 
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decomposition g = n©()©n^. The irreducible components of Ofln are called orbital 
varieties associated to O. Note that O is a symplectic manifold and as it was shown 
by N. Spaltenstein, R. Steinberg and A. Joseph an orbital variety is a Lagrangian 
subvariety of O. According to orbit method Lagrangian subvarieties should play an 
important role in the representation theory. 

Let us explain the role of orbital varieties in g = sl„ considered in the paper. In 
this case orbital varieties associated to Ox are parameterized by standard Young 
tableaux corresponding to Young diagram Dx- Let TabA be the set of standard 
Young tableaux corresponding to Dx- For T G TabA we denote by Vr the corre- 
sponding orbital variety associated to Ox- 

By a result of A. Joseph primitive ideals of the enveloping algebra U{q) corre- 
sponding to a highest weight module with an integral weight are in bijection with 
standard Young tableaux. Let It be the primitive ideal corresponding to T G TabA. 
As it is shown in [7j an orbital variety closure Vt is the associated variety of It- 
As those they play a key role in the theory of primitive ideals. The details on the 
theory above can be found in [S]. 

Let S, T be Young tableaux with two columns. By fTO] It C Is if and only if 
Vt ^ V5. Further in |X1J it was shown that for T G Tah(^n~k,k)* one has that the 
closure of Vt is a union of orbital varieties and the combinatorial description of 
this closure in terms of Young tableaux was obtained. However the combinatorial 
description in pTl 4.3] is too complex to be satisfactory. On the other hand, as it was 
noted already in [8] each orbital variety Vt of nilpotent order two admits the unique 
B orbit. Let us denote the corresponding involution by ctt- In 14.21 we simplify this 
description using link patterns and get a simple answer in terms of M{aT)- 

1.9. As it was shown in [T2] the bijection between orbital varieties associated to a 
nilpotent orbit Ox and components of Springer fiber Tx where x G Ox is extended to 
the intersections: Let S,T & TabA and let Vt,Vs be orbital varieties associated to 
Ox and J-'t,-^s be the corresponding components of JF^. The number of irreducible 
components of VtH V5 and their codimensions are equal to the number of irreducible 
components of J-'t H J-'s and their codimensions. Via this bijection orbital varieties 
play a key role in Springer theory. 

This bijection together with the theory of B orbits of nilpotent order 2 gave 
the opportunity to compute for the first time the intersections of the components 
of Springer fiber when these components are singular. These intersections were 
considered in fT^, [13] • Here we use link patterns to simplify and extend these 
results. We start with a general theory of intersections of the closures of B orbits of 
nilpotent order 2 belonging to 0(n-k,k)*- Let a, a' G S^(A;). The general picture of 
i3o-ni3o-'nC(„__fc,A;)* was considered in [13], [H]. As it is shown there these intersections 
can be very complex. In particular, there are examples in these papers of a reducible 
intersection of codimension 1 and of a reducible intersection of higher codimension 



8 



ANNA MELNIKOV 



which is not equidimensional ( in 15.11 we give an example of an intersection of 
codimension 1 which is not equidimensional). To compute So- fl Ba' n 0(^n-k,k)* 
we use matrix i^o-.o-' defined by 

{R(7,cT')i,j '■= min{(i?o-)ij, {Ra')i,j} 

As it was shown in 5.6, 5.7] this intersection is non empty and it is a union of 
all Bfj" where a" G S^(A;) are such that ^ Ra,a'- In particular this intersection 
is irreducible iff there exists a" G S^(A;) such that R^y = Ra"- 

To simplify the results on intersections we pass from link patterns to so called 
(generalized) meanders. To do this we draw two link patterns on the same line of 
points in such a way that the arcs of the first link pattern are drown upward and 
the arcs of the second one are drown downward. 

For example, consider a = (1, 3)(2, 5)(4, 7), a' = (1, 4)(3, 5)(6, 7) G S?. Their 
generalized meander M^y is 




These generalized meanders are useful for computing R^y- 

Taking a meander built of 2 link patterns corresponding to maximal B orbits in 
0(n-k,k)* we get a classical meander (that is without crossing arcs) without fixed 
points under any (upward or downward) arc. As it is shown in [H] for S,T & 
Tah(^n-k,ky if codim Vj, ( V5 fl Vt) = 1 then V^PiVt is irreducible. The combinatorial 
description of pairs S, T with intersection of codimension 1 is provided there. 

However, the consideration of these intersections in terms of meanders first of 
all simplifies the description and the proofs and further connects our results to 
Temperley-Lieb representations of Hecke algebras and Kazhdan-Lusztig data. 

Let us formulate the result. A meander M^r^^^rs called even if any its connected 
part consists of even number of arcs. Otherwise M^r^^^rs called odd. The connected 
part consisting of even number of arcs may be either a closed path (we call it a loop) 
or an open path (we call it an even interval). As we show in l5.3l for S,T E Tah(^n-k,k)* 
one has codimv-r(Vs fl Vt) = 1 if and only is M^j^^^^ is an even meander with k — 1 
loops. The irreducibility of such intersections is obvious from the combinatorics of 
the meanders. 

B.W. Westbury in [TH] computed the inner product matrix for the Kazhdan- 
Lusztig basis for a two row shape tableaux in terms of Temperley-Lieb cup diagrams. 
Note that for T G Tah(^n-k,k) the corresponding cup diagram defined in is exactly 
Fo-yt where T* G Tah(^n-k,k)* is a transposed tableau. Given S,T E Tab(^n-k,k) let 
ct, cs be the corresponding Kazhdan-Lusztig basis vectors from [18]. As it is shown 
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in [m 7] their inner product < cs,ct > is always either or (t + t~^Y where 
< r < A; — 1. Moreover, restating his results in the language of meanders we get 

< Cs, Ct >= (t + t~^Y if and only if the corresponding meander Mo-g,o-j, is an even 
meander with r loops. 

F.Y.C. Fung in [2] computed the intersections of the components of a Springer 
fiber corresponding to a nilpotent element with two Jordan blocks, that is jFj. fi J^s 
where T, S E Tah(^n-k,k) ■ In this case jFj. is nonsingular and as he showed all the 
intersections are either irreducible or empty. Using the technique similar to those 
used in [18j he showed that J-'s H J-'t = if and only if < ct,cs >= and if 

< Ct, Cs >7^ then codim j^^{Tt H J-'s) = k — deg < ct, cs > ■ 

Consider S", T G Tah(^n-k,k)- Combining the above we get that codim j^j, (JF^ fi 
J-'s) = 1 if and only if codim jr^^ {J^t* H J-'st) = 1 and this happens iff < cs,ct >= 

However the pictures of the intersections of higher codimension in two-row and 
two-column cases are very different. Note that for a, a' G S^(A;) one has B^j fl Ba-' H 
0{n~k,k)* 7^ 05 thus, in particular for an odd meander M„^^^^ one has < c^t, c^t >= 
and J^T n J^s 7^ 0. On the other hand, for even meanders with less than k — 1 loops it 
can occur that codim j^^{J-'t^J^s) > codim jr^^ (jF^t H J-'st) as we show by example in 
15.51 The general theory of intersections of higher codimension is too complex from 
combinatorial point of view and not that interesting from geometric point of view 
so we do not discuss it here. 

Also, the intersections of higher codimension are almost always reducible. Again, 
the general theory is too involved combinatorially to explain it here so we only 
provide in 15.61 a very simple combinatorial sufficient condition for the reducibility of 
an intersection which shows that in general the intersections of higher codimension 
are reducible. 

In the end of the paper one can find the index of notation in which symbols 
appearing frequently are given with the subsection where they are defined. I hope 
that this will help the reader to find his way through the paper. 

Acknowledgements. I am very grateful to A. Elashvili for the discussions on 
biparabolic algebras and the role of meanders in their description. He was first to 
introduce the world of meanders to me. Through these discussions I realized the 
role that they (and link patterns) play in the description of B orbits of nilpotent 
order 2 and intersections of the components of a Springer fiber of nilpotent order 
2. I am also very grateful to A. Joseph for many fruitful discussions during various 
stages of this work. 
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2.1. Put *B(„_fc,fc) = U ^<T- As we noted in Ol ?Bn-fc,fc = X n 0^ri-k,k)* so that 

X = U ^{n-k,k)- 

We start with the computation of the dimension of Ba- All over this paper we 
write a cycle in round brackets when the entries are ordered in the increasing 
order, i.e. i < j. We write it in double round brackets when the entries 

i ^ j are not ordered. Write a G S'^{k) as a product of disjoint cycles of length 
2, that is 0- = (ii, ii)(i2, i2) • • • {ik,jk) where is < js and {is,js} n {itjt} = for 
any 1 < s t < k. We write G a or G if = {is,js) for some 

s : 1 < s < t. For G a put 

:= #{v < ^ I ip < j} + #{ip I ip < 0- (*) 

Example. Take a = (1, 6)(3, 4)(5, 7) G S?(3). Then i{P^) = 3 and g(i,6)((T) = 
0, 9(3,4) (cr) = 0, 9(5,7) (o-) = 2 + 1 = 3. 

By 3.1] one has 
Theorem. For a = (ii, ji)(i2, j2) • • • (ikjk) e Sl{k) one has 

k k 

dimB^ = kn- ^(j, - is) -'^q{i.s,js){(^)- 

3 = 1 S = l 

2.2. What is the maximal dimension of an orbit in ^{n~k,k)'^ We would like to 
provide a detailed answer to this question. To do this we consider in detail orbital 
varieties defined briefly in 11.81 

Let G be a connected semisimple finite dimensional complex algebraic group and 
let g = Lie(G) be the corresponding semisimple Lie algebra. Let g = n © f) © n~ 
be its triangular decomposition. For w G n let 0„ = G.u be its adjoint (nilpotent) 
orbit. Note that by the identification of g with g* through the Killing form Ou is 
provided a symplectic structure. 

Consider (9„ fl n. This variety is reducible and its irreducible components are 
called orbital varieties associated to Ou- Let V be an orbital variety associated to 
Ou- By [16j and [T7j one has dimV = |dimO„. ( Moreover as it was pointed out 
in [Hj this implies that an orbital variety is a Lagrangian subvariety of the nilpotent 
orbit it is associated to.) 

In particular, if G = SLn nilpotent orbits are described by Young diagrams as we 
explained in II. 2[ In this case there exists a very nice combinatorial characterization 
of orbital varieties in terms of Young tableaux. Recall that a Young tableau T 
associated to Young diagram Da is obtained by filling the boxes of Dx with numbers 
1, . . . , n so that the numbers increase in rows from left to right and in columns from 
top to bottom. Given a Young tableau T associated to Dx its shape is defined to 
be A and denoted by sh (T) . Given w G n fl Oa its Young diagram is again defined 
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to be A and denoted by Dn{u), or simply D{u). Now consider canonical projections 
ni^n-i '■ acting on a matrix by deleting the last i columns and the 

last i rows. Set Dn-i{u) := D{ni^n~i{u)), Dn-2{u) := D{TTi^n-2{u)), . . . , Di{u) : = 
D(7ri i(M)) and := {Di{u) , D2{u) , . . . , Dn{u)) . Put 1 into the unique box of 

Di{u). For any i : 1 < i < n — 1 note that Di_^_i{u) differs from Di{u) by a single 
"corner" box. Put i + 1 into this box. This gives a bijection from the set of the 
chains {Di{u), D2{u), . . . , Dniu)) to the set of standard Young tableaux T of shape 
Dn{u). In other words, we view a standard Young tableau as a chain of Young 
diagrams. For u G n put (p{u) := T if T corresponds to under this bijection. 
Set Ut := {u E n \ (p{u) = T}. 

By Spaltenstein [15] orbital varieties associated to Ox are parameterized by stan- 
dard Young tableaux of shape A as follows. Let {Tj} be the set of Young tableaux 
of shape A. Set Vt^ := i^t^ H Ox- Then {Vt^} is the set of orbital varieties associated 
to Ox. 

Note that in particular by this construction dim Bu < ^ dim Ou- In general this 
inequality is strict. Moreover, obviously if dim Bu = \ dim Ou then Bu is dense in the 
corresponding orbital variety. Unfortunately, for n > 6 the vast majority of orbital 
varieties do not admit a dense B orbit. However, orbital varieties of nilpotent order 
two always admit a unique dense orbit. That gives the answer to the question posed 
above. 

To formulate this answer let us consider the corresponding Young tableaux in 
detail. Let Tab(„_;fc fc). be the set of Young tableaux of shape (n — k, k)*. For T G 

( ^ 

Tab(„_fc^fc). set T = {Ti,T2), where Ti = I : is the first column of T and 

\ ttn-k I 

T2= \ \ is the second column of T. It is enough to define the columns as sets 
\ 3k I 

since the entries increase from top to bottom in the columns. We denote a column 
by (Tj) when we consider it as a set. 

Put (Tt = (ii, ji) . . . (ifc,ifc) where zi = and = max{(i G (Ti)\{ii, . . - ,%s-\) \ d < 

js} for any s > 1. For example, take 

1 4 

3 7 
6 8 

Then = (3, 4) (2, 5) (6, 7) (1,8). 

Put Bt '■= Baj.- As it was shown in [HI 4.13] 

Proposition. For T G Tab^ one has Vy = Bt- 
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By [T3l Remark 5.5] for a G ^\{k) one has dim So- < k{n — k) and the equahty is 
satisfied iff cr = cTt for some T G Tab(„_fc ;;).. That is the number of G ?B(„_fc^fc) 
of dimension k{n — k) is equal to the number of Young tableaux in Tah(^n-k,k)* which 

• n! n-2fc+l 

A;!{n-fc)! n-k+1 ' 

Let dim i3o- = k{n — k) where a = (ii, ji) . . . {ik,jk) then a = ar where (T2) = 
{ii, • • • and respectively (Ti) = {zj^^^ \ {T2). 

2.3. In [11] the combinatorial description of Ba (with respect to Zariski topology) 
for 0" G is provided. Let us formulate this result. 

For I < i < j < n consider the canonical projections TTjj : — > Uj-j+i acting on 
a matrix by deleting the first i — 1 columns and rows and the last n — j columns 
and rows. Define the rank matrix i?„ of m G n to be 

(T3 \ ^ / Rank(7rij(M)) if i < j; 
^ \ otherwise. 

Obviously for any y E Bu one has Ry = Ru so that we can define R^^ '■= Ru- 

Put := Ri3„ = Rn„- Note that Rank (7rjj(Ai'o-)) is simply the number of ones 

in matrix 7Cij{N„) since all ones belong to different rows and columns. 

Let Z"*" be the set of non- negative integers. Put := {R^ \ a G S^}. By [HI 

3.1, 3.3] one has 

Proposition. R G Mnxni'^'^) belongs to if and only if it satisfies 

(i) Rij = z/ i>j; 

(ii) For i < j one has Ri+ij < Rij < Ri+ij + 1 and Rij~i < Rij < + 

(iii) If Ri,j = Ri+ij + 1 = Ri,j~i + 1 = Ri+ij-i + 1 then 

(a) Ri^k = Ri+i,k for any k < j and Ri^k = Ri+i,k + 1 for any k > j; 

(b) Rkj = Rk,j-i for any k > i and R^ j = Rk,j-i + 1 for any k < i; 

(c) Rj^k = Rj+i,k and Rk i = Rk,i~i for any k : 1 < k < n. 

Note that we respectively can define TTjj : Tab„ — > Tabj_j+i by so called "jeu 
de taquin" (cf. [llj, for example). Here we need only tti ^ : Tab„ — ^ Tab^ where 
7ri_fc(T) is obtained by erasing boxes with n, n — 1, . . . , + 1. As it is shown in [TT] 
and one can easily see ^ijBt = Bt,^.{t). 

2.4. Recall a partial order ^ on M„(M) defined in ll.5[ Its restriction to R^ defines 
a partial order < on by putting a' ^ a if R^i ^ Ra- As it is shown in |TT], 3.5] 

Theorem. For any a G one has 

B,= Wb, 
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2.5. Consider 7Cij{a) as an element of S^. Note that (i?,r,,,(a))s,t = (^a)max(i,s),mm(j,t) 
which gives us a very easy lemma that we need in what follows. 

Lemma. For any a, a' G such that o < o' and for any i,j : I < i < j < n one 
has 

(ii) TTijia) ^ a 

2.6. As it is shown in [121 5.6] there is a unique minimal element (7o{k) in S'^{k) 
(that is 0" ^ cro{k) for any a G S^(A;)). In particular for any S' C S^(A;) one has 

To find B„ n Ba^i for a, a' G we use an intersection matrix i?o-,cr' for a, a' G 
defined in 11.91 As it is shown in [THl 5.7], 

Theorem. For any cr, cr' G one has 

B^nB^,= Y[ B,. 

In particular, Ba-riBo-' is irreducible if and only if R^^a' G R^. In that case B^\~\B„i = 
Br where Rr = R^y- 

3. i^CT IN TERMS OF LINK PATTERNS 

3.1. In this section we translate all the results of the previous section into the 
language of link patterns. Recall i{Pa), c{P^),f{P^) from 11.41 and [i,j] from 11.51 
We put [i,j] := if ? > j. For any point m : 1 < m < n put overm(-Po-) to be 
the set of arcs over m, that is aveYm{Pa) '■= G Po- | m G + l,j — 1]}. 

For any {i,j) G Pa put over(j j)(Fo-) to be the set of arcs over arc {i,j), that is 
over(„)(P.) := {(*',/) G P. | G [z' + 1,/ - 1]} 

Theorem. For a G one has 

dunBa = i{Pa) ■ {n - iiPa)) - c{Pa) - f{Pa). 

Proof. Our proof is based on the recalculating the expression of Theorem 12.11 in the 
language of link patterns. 

Let cr = (zi, ji) . . . {ik,jk)- For a given arc {i,j) G P^ we define 

• l(j_j){Po) to be the set arcs to the left of (z,i), that is l(^ij){Pa) := {(^',^0 G 
P;|(z',/)G[l,z-l]}; 

• r(jj)(Po-) to be the set of arcs to the right of (z,i), that is r(ij){Pa) : = 
{(z',/)GPj (z',/)G[j + l,n]}. 

• under(j j)(Po-) to be the set of arcs under that is under(j j)(Po-) : = 
{(z',/)GPj (z',/)G[z + l,j-l]}. 
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• c'j^.^(Po-) to be the set of arcs intersecting with on the left that is 
c\l^){P.) ■■= {{^',f) G P. M' G [1,2 - 1] and / G [z + 1, j - 1]}. 

• c^^.js^[P^) to be the set of arcs intersecting with on the right that is 

(P.) := {{t',f) eP^\t' e[i + l,j- 1] and / G [j + l,n]}. 

• recall that over(,j)(P^) := {{i',f) G P^ | G [i' + - 1]}. 

Put IS"! to be cardinality of set S. Let us provide a few identities on the summing 
of the cardinalities of the sets defined above. 

(i) Note that the list of six types of arcs above includes all the possible positions 
of an arc {i' ^ of Pa with respect to Thus, for any (z, j) G Pa 
one has 

|;(,,,)(P.)| + |r(,,,-)(P.)| + |under(,,)(P.)| + |over(,,)(P.)| + |4^^^^ 

(ii) Let {ps}"=i'^ be the set of fixed points of P^- Put f'^- ^^{Pa) to be the num- 
ber of fixed points under the arc then obviously Yll=i f{i^ js)(P(^) ~ 

YTsZT fps{Pa) = f{Pa)- Note also that for G a any p e [i + 1, j - 1] 

is either a fixed point, or some end point of G under(j j)(Po-) or some 

end point of and arc intersecting Thus, one has 

J -1-1 = 4,.)(P.) + 2|under(,,,-)(P.)| + \c[,^,){Pa)\ + |c[,,)(P.)|. 

(iii) Note that (ij) G 4,,,.)(^<x) iff {i'J') G c[.,.)(P<,) so that 

k k 

s=l s=l 

(iv) Note also that arc G l(^ij){Pa) iff (z, j) G ?'(i',j')(Pcr) so that 

k k 
s=l s=l 

(v) Exactly in the same way G under (jj)(Po-) iff (z,^) G over(j/j/)(Po-) so 
that 

k k 

J2 |under(,^j^)(P,)| = ^ |over(,^j^)(P,)|. 

s=l s=l 

(vi) Finally note that #{jp | jp < i} (from (*) of 12.11) is exactly |/(jj)(Po-)| and 
#{zp <i\jp< j} (from (*) of [21]) is |/(i,j)(P.)| + \c[ij)iPa)\ so that 

5(M)(^) = 2|/(M)rai + |C(M)™|- 
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In the following computations we omit the notation (Per) in all the sets defined 
above since we consider only P^- here. Starting from Theorem 12.11 we get 

dims. = kn- - z.) - E (^'^^'^ 

s=l s=l 

- E(l + /(',,,.)(^) + 2|under(,,,)| + \c\^^^J + |c^,^_^.J) 

by (iii) and dof. /(cr) 

k 

5 = 1 



S = l 





k 
s=l 




nA; - 


- k - f{a) - 


HP^) - 


nk - 


- k - /(a) - 


3c(P.) - 


nk - 


- k - /(a) - 


3c(P.) - 


nk - 

k{n 


- k - f{a) - 
-k)- f{P. 


HP.) - ' 

)-c{P.). 



by {iv),(v) 
_ \h. . J _L l-r.,. . ,h by (i) 



□ 

3.2. Let us translate the definitions of 12. 31 into the language of link patterns. 

For i,j : l<i<j<nwe define 7rjj(Po-) to be a link pattern from i to j. 
It consists only of arcs G Pa such that G On the other hand, 

there is 1 in place of matrix A^. where i' > i and j' < j iff there exists 

G cr. Hence i{7Vij{Po-)) is equal to number of ones in iTij{Na) which in turn is 
Ka.nk{nij{Na)) as it was noted in l2.3[ Thus, 

' £K,(P.)) if z<j; 
otherwise; 



{Ra)i,j 



exactly as we have defined in II. 5[ Together with 12.41 this provides the result an- 
nounced in II. 5[ 

3.3. Now we can describe the cover of a for our partial order in terms of link 
patterns. We start with the description of A/'(cr) defined in 11.61 

Recall from 11.61 that G P^ is called external if over(^ij){Pa) = 0. Let E{a) be 
the set of external arcs in P^. 

For example, let a = (1, 3)(2, 7)(4, 5) then P. is 




1 2 3 4 5 6 7 
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andE((T) = {(l,3),(2,7)}. 

For G cr put cr^jj) to be an involution obtained from a by omitting 

Respectively P^- is obtained from by erasing arc 

By [m 3.7, 3.9] one has 

Proposition. A/'(a) = {a^^ .^ \ G E{a)} 

3.4. 'D{a) defined in ll.6l is more involved. Its description given in [TTl 3.11-3.14] is 
rather complicated. However it is much more short and elegant in the language of 
link patterns. T>{a) contains of three types of elements which we describe in three 
following subsections. The main idea which is very clear on the level of link patterns 
is that the elements of 'D{a) are obtained either by moving a left (resp. right) end 
point of an arc to the nearest fixed point to the left (resp. to the right) of it, so that 
we get a new fixed point under the arc, or by crossing two arcs. If P^' is obtained 
from Pg- in such way, then B^ji must be of codimension 1 in yBo^. A more delicate 
point is that all the elements of T>[a) are obtained in such way. This is exactly the 
content of Proposition 3.15 of [TT] . 

We begin with constructing of a link pattern obtained from a given one by moving 
one end point of an arc to the nearest fixed point. 

Given a = (hji) . . . {ik,jk) we put (a) := {P^) := ■ ■■ik,Jk} to be the set 

of end points of P^- 

For i G (cr) and / ^ (cr) put (Ti-*f to be an involution obtained from a by changing 
an arc to ((/, j)). We write the arcs in double round brackets since the 

definition is not connected to the ordering of the ends of an arc. 

For G cr if there exist fixed points to the left of arc let m be the largest 
among them, that is m = max{p < i \ p ^ (o")}- If in addition over(j ,,)(Po-) H [m + 
l,n] = (or in other words over(,; j)(Po-) ^ overm(Po-)) we put cr^(ij) := crj_^„. 
Otherwise put cr^(jj) = 0- 

Let cr^(jj) = (Ji^m- Note that by 13.21 we get 

, \ _ j {RcT)s,t — 1 a m < s < i and t > j; 

j {rJ)^^^ otherwise. 

Thus, if cr^(ij) 7^ then cr^(ij) -< a. 

Exactly in the same way, for G a if there exist fixed points to the right of 
let m be the minimal among them, that is m = min{p > j \ p ^ (c")}- If 
addition over(j .,)(Po-) fl [l,m — 1] = (that is again over(jj)(Po-) C overm(Po-)) we 
put cr(ij)rv := <^j^m- Otherwise put ci{ij)rx = 0- 

And again, exactly as in case cr^(i,j) if (^{i,j)rx 7^ then (7(i^j)r^ -< cr. 

For example, let a = (1, 6)(3, 5)(4,'7) G sj. 



B-ORBITS AND PATTERNS 



17 




1 2 3 4 5 6 7 8 



Then cr^(i,6) = and cr(i^6)r> = (1, 8) (3, 5) (4, 7) so that 




» • ••••• • »• • 

12345678 12345678 



(^^(3,5) = (1,6)(2,5)(4, 7) and (T(3,5)^ = so that 




12345678 12345678 



Finally, 0-^(4,7) = (1, 6)(3, 5)(2, 7) and (T{4:,7)r^ = (1, 6)(3, 5)(4, 8) so that 




r* •••••• 

1 2 3 4 5 6 7 8 



As an easy corollary of Theorem 13.11 we get 
Proposition. Let a' be either a ^(^ij^ or a^ij-^r^. Then codim-g^Ba' = 1. 

Proof. By our note above B^' C B^- 

Let us compute dimmer/. It is enough to compute it in one of the cases since one 
case can be obtained from the other by mirroring P^- around the point 

For example, let us consider case a' = a_^(^ij). Let a' = (Ti^m- Recall notation 
from the proof of Theorem 13.11 Note that 
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• f[mj)iP^') = f(ij)(^^) + 1 ^i^"^^ over(j.j)(P<^) C o\erm{Pa) one has 

• Again, since over(j ,,)(Po-) C overm(-PCT) one has over(m ,,)(Po-/) = over(jj)(Po-) 
so that for any {i',f) G over(ij)(P<^) one has f'^^, .,^{P^,) = f'^., .,^{pj) and 

• Exactly in the same way for G such that ^ overm(Po-) one 

has /(V,,o(^<x') = /(;^,o(P.) and c[,,,.,)(P.' = c[,, ^.,)(P.). 

• If {i'J') G (over„(P^) \ over(ij)(P^)) n c[._^.)(P^) (that is 2' < m and i < 
f < j) then again f[^,^.,^{P„,) = fl,,j>){Pa) and c[.,_^.,)(Pa' = c[.,_^.,)(P^). 

• Finally, if («',/) G (overm(Po-) \ over(j j)(Po-)) n/(j j)(Po-) (that is i' < m and 
m<f< i) then /(V,,o(P.O = f[,,,^{P^ - 1 and c(,, .,)(P.O = c[,^^.,)(P.) + 1. 

Set t := |(overm(Po-)\over(.jj)(Po-))n/(jj)(Po-)|. Summarizing the calculations above 
we get 

c(P.') =Etic[..,,,)(P.')=c(P.) + t; 
so that dimiScr' = k{n — k) — f{Pa') — c{Pa') = dimi^o- — 1. □ 

3.5. Let us again consider a = (ii,ii) . . . {ik,jk)- Take i,j G (a) such that i < j. 
Assume that they belong to different pairs, that is z G {is,js) and j G {it, it) where 
s ^ t. Put (Tjt^j to be an involution obtained by interchanging places of i and 
j in the pairs. Assume that {is,js) = {{hp)) and {it, it) = ((j,?)) then ai^j = 
{{i, q)){{j,p)) ■ ■ ■ where by dots we denote all the pairs of a but {is,js), {it,jt)- Note 
that we cannot say anything about ordering {{i, q)) and {{j,p)) so we write them in 
double round brackets. 

The link pattern P^r described below is obtained from P^ by crossing some arc 
with an arc to the left of it. 

Let {i,j) G cr. Translating [11, 3.13] we put 

kid){(^) ■= {{is,js) ea \js<i and M;=j,+i C {'Ki,,j{Pa))} 

In other words {is,js) & L{i,j){^) if {is,js) G l{ij){Pa) and there are no fixed points 
between jg and i in T[i^ j{P„). Note that L(^ij){a) may contain a few elements. Put 

c ._ / Wjs^i I i'^s,Js) e L(^i,j){(r)} if L(^i,j){(j) ^ 

— I otherwise 

Note that for {is,js) € L{i,j){^) one has 

, ■ _ j {Ra)s,t — 1 if ^ < s < and t>joTjs<t<i and s < is] 
{Rcr,^^Js,t - I j^^j^^^ Otherwise. 

Thus, for any {is,js) ^ one has (Jj^±^i -< a. 

For example, let a = (1,' 5) (2, 4) (3, 6) (7, 9) (10, 11) G S^^. Its link pattern is 
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123456789 10 11 



One has L(i,5)(a) = I^(2,4)(cr) = ^(3,6)(f^) = 0, ^(7,9)(cr) = {(1,5), (3,6)}, so that 




• •••••••••• 

123456789 10 11 



and L(io,ii) (cr) = {(7,9)} so that 

123456789 10 11 123456789 10 11 



Again, as an easy corollary of Theorem 13.11 we get 

Proposition. If L(^ij){a) ^ then codinig^^Bo-' = 1 for any a' G S(^ij)c^^{a) 

Proof. By the note above B^jf C B^^. Also, by the definition of L(^ij){a) P„' differs from 
P„ by one additional cross obtained from changing pairs {is,js){hj) to {is,i)Usyj) 
as we show below. 

Indeed, since there are no fixed points between jg and i in 7ri^j{P„) we get that 
in particular there are no fixed points between jg and i in Po- so that f{Pa) = 
f{Pfji). Also, the absence of fixed points between js and i in 'Ki^j{Pa) means that 
over(i^j^)(P^) n l(i,j)iPa) = and over(ij)(P^) n r(i^j^)(P^) = so that c{P^>) = 
c(Fa-) + 1. Thus, by Theorem 13.11 dim B„' = dimB^ — 1. □ 

3.6. The last type of elements in I^(cr) is obtained by crossing two concentric arcs. 
It is defined as follows. For G cr recall over(jj)(Po-) and under(j j)(Po-) from 

13.11 and put 

Ov(^,j){a) := {{isJs) e over(,j)(P^) | under (i^j^)(P^) = U under(i_j)(F^)} 
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In other words {is,js) G Ov(^ij){a) if {is,js) G over(j j)(P(j) and there are no arcs 
between {is,js) and in Pf^. Note that Ov(^ij){a) may contain a few elements. 
Put 

o ^ (^ ._ / {f^i.t^i I {isjs) e 0^;(ij)(cr)} if Oi'(ij)(a) ^ 0; 

'^(ij)nl^J — ^ otherwise; 

Note that Ci^t^i^ — crj^t^jf Note also that for {ip,jp) G Ov(^ij){a) one has 

/ P ^1 = / - 1 if ip < s < and j < t < j^; 

K^'ri,^i)s,t <| ^^^^^^ Otherwise. 



Thus, for any {ip,jp) G (^^(i (cr) one has (Jjpt^j -< a. 

For example, let a = (1, 11)(2, 6)(3, 9)(4, 5) e S^^. Its link pattern is 




123456789 10 11 



One has Of(i,ii)((T) = 0, Ov(2,6)(c) = {(1, H)} so that 



123456789 10 11 123456789 10 11 




and Of(3^9)((j) = {(1, 11)} so that 




123456789 10 11 123456789 10 11 



Finally Ov^4,5){<y) = {(2,6), (3,9)} so that 
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123456789 10 11 



And again, exactly as in 13.51 we get 

Proposition. If Ov[ij){a) ^ then codim g^i3o-' = 1 for any a' G ^(cr) 

Proof. Exactly as in 13.51 we get that B^' C Ba and exactly as in 13.51 we get that 
f{Pa') = /(-Per) and c{Pa') = c(Po-) + 1 which together provide us the result. □ 

3.7. By Proposition 3.15 from pJJ and Propositions 13.41 13.51 13.61 we get 
Theorem. Let a = ji) • . . {ik,jk) ^ S^(A;) then 

k k k k 

(i) V{a) = U (^{is,js)r.U U (^^{is,js) U U S(^^J^)^{a) U U %j.)u(^) 
s=l s=l s=l s=l 

(ii) Let a' G S^(A;) be such that a' -< a. Then a' G P^ip) iff codim-^^Bfj' = 1. 

3.8. Now we are ready to finish the description of C{a). Note first that 

V{a) cC{a) cV{a)uM{a) 

So we have to find A/'(cr) fl C{a). 

Consider a = (ii, ji) . . . {ik,jk) ^ S^. Let E^i^^{a) be the subset of arcs in E{a) 
without fixed points outside of them. In that case all the fixed points of P„ are 
under arc so that G i?max(f7) iff f{ij)(-^o-) = n — 2k. We can use this fact 
to define £'max(c") formally: 

i?max(a) := {{^,J) e E{a) \ fl,,){P.) = n - 2k} 

Lemma. Consider a = {ii,ji) . . . {ik,jk) £ and let {i,j) G E{a). 

(i) Ifihj) ^^max(cr) thena^^ .^ ^C{a). 

(ii) // {i,j) G -E'niax(c") then dimS^- = dim So- — 1. 

(id) 

Proof. To prove (i) note that for any {i,j) G E{a) one has over(j j)(Po-) = 0- So 
the conditions of 13.41 for (i,j) G E{a) are satisfied iff {i,j) ^ £'max(c") and in this 
case S = cr{i,j)r^} 0- Let a' G S" and let Pa-' be obtained from Pg. by 
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replacing to Then obviously cr^~^-) = jz-j so that a^^^.) -< a' ^ a and 

To compute (ii) we use notation from the proof of theorem 13. 1[ Consider an arc 

(isJs) e Pa- 

• If {is,js) does not intersect then 

• If {is,js) intersects on the left i is a new fixed point under {is,js) in 
P^- comparing to P^ and the crossings from the left of {is,js) are the same 

in both patterns, so that 



'(i.j) 



fU)iP<^) = fL^s)iP.-J - 1 and |4,,,)(P.)| = |4,,,)(P. 

» If {is-, is) intersects (i, j) on the right then j is a new fixed point under {is,j 
in P^~ comparing to and there is one less crossing from the left of {is,3 

in P^- comparing to P^, so that 



Finally, since there are no fixed points outside of {i, j) in P^ one has /^'. ^-^ (Po-) 
n-2A; 



Summarizing we get 



k 

J. 



c{P.) = E I4.,,)(P.)I = E |ci..,,)(P.)l + I4,)(P.)| 

( \ 



y (is,j3)^c(-_j.)r(p<T) y 



c(p.-,^,) + l4„-)(p.)i + i4,)(p.)i 
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Thus, 

dim-B, = k{n -k)- f{P^) - c{P„) = 

k{n -k)- {f{P^-J - I4,)(P.)| - \cl,,){P.)\ +n-2ky 

Hn -k)-{n- 2k) - f{P^-^^) - c(P,-^^) = 

{k - l){n - A: + 1) + 1 - f{P ) - c{P ) = dimfi - + 1. 



□ 



3.9. As a straightforward corollary of theorem 13.71 and lemma [3l8l we get 
Theorem. Let a = ■ ■ ■ {ik,jk) ^ S^. One has 

(i) C{a)=V{a)U{%,) I {^,J) e E^^^)}. 

(ii) a' G C(a) ^J(f codim^^i^o-/ = 1. 

3.10. In section 5 we will discuss intersections of B orbit closures in Xn- As a prepa- 
ration we would like to finish this section with a few preliminary general definition 
and results. 

Given 7^ C S^. We define the components of U = f] in a standard way 

r 

by setting , • • • , Br,, to be the components of U if U = [j B^ and Tj ^ tj implies 

i=l 

i = j for any i,j : 1 < i, j < r. Let us call ri, . . . , Tj component involutions of U. 

Given a G S^(A;) where k < — 1. For m : k < m < put Fm{cr) := {r G 
S^(m) I T :^ ct}. Let be fixed points of a. Note that n - 2k > 2{m - k) so 

that a' = a(pi,p2) • • • iP2{m-k)-i,P2(m-^k) e S^^(m) and a' y a. Thus, 7^ 

As an easy corollary of subsection 12.61 we get 

Proposition. Let k < — 1. For any a G S^(A;) and any m : k < m < there 
exists the unique a-m £ Fm{o') such that 

n '^r=B^^. 

reF™(o-) 

In particular, let ^ ^ S G S^(A;) and let U = f] B^j. Then all the component 
involutions of U are of length k. 

Proof. By (*) of \2M U' = f] Brf] 0(^n-m,m)* 7^ 0- Let Ti, . . . be the component 

TGF™{cr) 

involutions of U' . Then by irreducibility of B^ there exists = Wm such that B^ C 
B-ff„, but then Wm G Fm{cr) and 

r 

U' {Btj n i^CT,^ n 0{n-m,m)*) = B^,^ fl C(n-m,m)* • 
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To complete the proof we have to show that f] Br = B-^^ (in other words we 

tGF„(o-) 

have to show that f] Brf]0^ri-m,m)* = fl BrC\0{n-m,mY = n ^r, 

T&Fm{<y) T&Fm{(T) TGFm{cT) 

where the second equahty is obvious) . To do this we must show that for any j < m 
for any Ba' C f] BrdOf^n-jj)* one has B^./ C B^^. Let us consider F^{a'). 

Since B^,' C f] Bt we get -Fm(o") C F^(cr'). By the previous there exists the 

reFmia) 

unique minimal clement of -Fm(c') so that a'^ :< am which provides Ba' C B^m. 
and completes the proof. 

Let us consider U from the proposition. It is enough to show that for any a 
such that Ba C U and l{a) < k there exists a' y a such that Ba' C U and 
l{a') = k. Consider Fk{a). By the definition of U we get S C Fk{a) so that ak 
satisfies Ba^ C U. □ 

Note that in general U defined in the proposition can be reducible. 



3.11. Given a' e -fp(c), to show that a' = Up it is enough to check that 

dmiBa" > dim Ba' for any a" e Fp{a). (*) 

It is easy to write explicitly ff/t+i and to compute the dimension of Ba^_^^J^■ For 
a e Sl{k) let ia := min{{s}-^i \ (a)} and ja := max{{s};Li \ (cr)}. If E^^{a) ^ 
then e over ( ), over j^(P^) for any e E^^. Let E^^^{a) = {(v,Jr)}r=i 
where the arcs are ordered in the increasing order according to the left end points. 
Note that ii < 12 < ■ ■ ■ < ig < ia < ja < 3i < ■ ■ - is- Put Jq := ja and ig+i ■— ia and 
let a' be obtained from a by deleting all the cycles in -E'max(c")- Put 

- ^ f <7{ia,ja) if £'max(0-) = 

''^^ \a'{iiJo){i2:ji)---{is,js-i){is+iJs) otherwise 
Let us show some examples to make the picture clear: 




123456789 10 11 123456789 10 11 
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^max(fT) = {(2,10)} 





. ^\ /. .w / / / r\ 

123456789 10 11 123456789 10 11 



Note that 

. - ^ f {R„)i,j + 1 \i%<ir and j > jr-i for 1 < r < s 
l^<^fe+J*j I otherwise 

So that o'k+i >- (J. We must show that ak+i defined above is indeed the minimal 
element of Ffc+i(cr). 

Proposition. Let k < |n — 1. Then for every a' G Fp{a) where p > k + 1 one has 
o"' h o'k+i- One also has codim;g_ Ba- = |-E'max(<7)| + 1- 

Proof. Let us show this by induction on the |-Emax(f )|- Put A{a) := {a' \ a G V{o-')} 
and B{a) := {a' \ a e C{a') and £(P^/) = £{pj) + 1}. Note that for any a' G A{a) 
one has 

|^max(^x)| - 1 < |^„,ax(a')| < |^max(^T)|. (**) 

Note also that by definition 

Cr{i„,j^) if £'max((T) = 

otherwise * 



B(a) 



If E'max(o") = then B{a) = {(y{ia,ja)} so that codim^ _ = I- For any 

a' G Ffc+i(cr) one has codim;g ^B^ > 1, thus, by (*) and Proposition 13 . 1 II we get the 
result. 

Now assume this is true for a G S^(A;) such that l-Emaxlc")] = s and show this is 
true for a such that l-Emaxlo")! = s + 1. Let a' be obtained from a by changing (ii, ji) 
to («i,io-). Note that a = <^[i^ j^)^^ so that a' G A(cr) and that |-E'max(c"')| = -S- Note 
also that a^+i = o^^+i, thus, by induction one has codimg_ iS^- = codimg_ B^r + 
codimis Ba = s + 1. 

To show that ak+i is the minimal element of Ffc+i(cr) it is enough to show by (*) 
that codim^ ^B^ > s+1 for any a' G Fk+i{a). Assume this is not true. Let a G S^(A;) 
be maximal such that |-Emax(c")| = s + 1 and there exists a' G Ffc+i(cr) such that 
codimg ^Ba < s. By {**) B{a) = so that by theorem 13.91 there exists a" G A{a) 
such that a' y a" y a. Note that a' G Ffc+i(a"). By (**) s < \E^^^{(t")\ < s + 1. If 
|i?inax(c")l = -s + 1 we get that codim;^ ^B^rr < s — 1 which contradicts maximality 
of a. If |Fmax(o"")l = "5 then by induction hypothesis codim^g ^B^" > s so that 
codimg ,Ba > s + 1 which contradicts the assumption. □ 
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4. Combinatorial description of the closure of an orbital variety 

OF nilpotent order 2 

4.1. In this section we apply the results obtained above to the closures of B orbits 
of dimension k{n — k) in ^(n-k,k), that is of the maximal possible dimension. Such 
orbit is dense in an orbital variety associated to 0(^n-k,k)* and every orbital variety 
associated to 0(^n-k,k)* admits such B orbit as we explained in 12.21 

As it was shown in [HI 4.5] the closure of an orbital variety of nilpotent order 2 is 
a union of orbital varieties. In fUX 4.3] the combinatorial description of such orbital 
variety in terms of Young tableaux is given. We would like to use link patterns to 
simplify this description. 

By Proposition [221 -Bt is the dense B-orbit in Vt for T G Tah(^n-k,k)* ■ By definition 
of an orbital variety Vt = Vt U IJ B^'- Moreover, since an element of N^ax) is 

(t'GA/'(o-t) 

obtained from ctt by erasing an external arc it is a link pattern without fixed points 
under an arc and without arc crossings, thus, Ea' for a' G Naj, is a' = Gt' for some 
T' G Tab(„_fc+i^fc_i).. 

How to define {T' G Tsib(^n-k+i,k-i)* I (^t' ^ -^(cry)}? The answer given in [HI 
4.3] is too complex to be satisfactory. Let us try to understand the picture using 
link patterns. 

Given ax = ■ ■ ■ {ikjjk) ordered in increasing order according to the second 

ji 

entry of the cycle (that is < . . . < jk)- Then r2 = I '■ I (cf. 12.20 . Moreover, 



set {ji, ■ . .jk} defines completely. 

/ : 



some external arc, that is 



Jk 

In turn cry is obtained from ax by erasing 



ji+i 
V : J 



for some / : 1 < I < k. To determine 



T' : (Tt' G Afa-rp we must find E^ax) - the subset of external arcs. 

Note that since arcs of Paj, do not intersect, for any t > s (that is such that 
jt > js) one has it ^ [is,js] that is either it < is or it > js- Thus, arc {is,js) G E{ax) 
if for any {it,jt) £ c" such that t > s one has it > js- Hence, for any t > s there 
must be at least 2{t — s) — 1 points between js and jt- In other words the necessary 
condition is jt — js > 2{t — s). This is also a sufficient condition. Let us formulate 
this statement ClS Sb lemma 



Lemma. Let T G Tah(^n-k,k)* be such that 



Jk 



■ Let ax = (iiji) - - - (ikjk)- 



Then E{ax) = {{ii,ji) \ I = k or \/ s : I <s<k js-ji>2{s- I)}. 
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Proof. First of all let us show that if {ii,ji) € E{aT) then for any s > I one must 
have js — ji > 2{s ~ I). Indeed, for any t : I < t < s one has (as we already 
mentioned) it > ji and jt < js so that [ji + l,js] must contain at least 2{s — I) 
points, therefore js — ji > 2(s — I). 

Exactly in the same way we show that if js — ji > 2(s — I) for any s > I then 
{ii,ji) G E{(Tt) ■ Indeed, for s = / + 1 one has ji^i > ji + 2 so that ji+i — 1 G (Ti) and 
ii+i = ji+i - 1 > ji. Assume that we already know arcs (ii+iji+i), . . . (is-ijs-i) 
and ii+i, . . .,is-i G [ji + l,js-i]- By the construction = max{r}^^i \ {ipJpYpZl 
And since there are at least 2(s — /) points in [ji + l,js] and only 2(s — 1 — /) + 1 
are occupied we get that ig G [ji + l,js]- □ 

/AN 

4.2. Consider T G Tah^n-k,kr and let = : . For 6 G (T2) put T{b) to be 

the tableau obtained from T by moving b from T2 to an appropriate place in Ti . 

Let us denote by J\f{T) := {S G Tah(^n-k+i,k-i)* \ Vs C Vt}- By dimension 
reasoning it is obvious that V5 : G A/'(T) are orbital varieties of maximal dimen- 
sion in Vt \ Vt- Moreover the fact that Vt admits a dense B orbit and Proposition 
13.31 provide that these are all maximal orbital varieties in Vt \ Vt- In other words 
Vt = VtU U V5. 

S€j\f{T) 

As a straightforward corollary of Lemma 14.11 we get 

("\ 

Theorem. Let T G Tab(„_fc,fc). and T2 = \ \ \ . Then 

\ jk I 

U{T) = {T{ji) \t = kor^ s : t<s<k 3s-ji>2{s- i)}. 
This theorem simplifies Theorem 4.3 from [TT] . 

5. Meanders and intersections of the components of a Springer 

FIBER OF NILPOTENT ORDER 2 

5.1. In this section we apply our results to the theory of intersections of the com- 
ponents of Springer fiber J^^ where x G 0(n-k,k)*- For S,T E Tah(^n-k,k)* let J-'t, 
be the corresponding components of JF^,. As we explained in ll.Ql the number of com- 
ponents of J-'t n !Fs and their codimensions equal to the number of components 
of Vt n Vs and their codimensions. So we formulate our results in terms of the 
components of a Springer fiber, however the computations are made in B orbits of 
nilpotent order 2. First note that for T, 5* G Tah(^n-k,k)* one has 

VTnVs = BTnBsn Oin-k,kY = H • 
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We will try to understand these intersections in terms of meanders. We draw one 
link pattern upwards and one link pattern downwards. If both link patterns of a 
meander are without intersections we get a classical meander, otherwise we get a 
generalized meander. 

As we have mentioned in ll.9l a generalized meander Mg-^o-' corresponding to a, o' G 
S^(A;) provides us an easy way to compute -Ro-.o-'- However for a generalized meander 
the picture seems to be too complex to understand it without going to matrix Ra^a' ■ 

As it is shown in [T^, 3.8] even an intersection of codimension 1 for (closures of) 
generic B orbits of the same dimension can be reducible. Moreover, it can be not 
of pure dimension as it is shown by the example below. We also use this example 
to construct the corresponding generalized meander. Consider a = (1, 3)(4, 5), a' = 
(2, 3) (4, 6) G S^(2). Note that dimS(i,3)(4,5) = dimi3(2,3)(4,6) = 2 ■ 4 - 1 = 7. The 
generalized meander is 



M(i^3)(4,5), (2,3)(4,6) 





-R(l,3)(4,5), (2,3)(4,6) 



and 

/ 1 1 1 2 

1 1 

1 

1 



Voooooo/ 

One can easily check using Proposition 12.31 that -R(i,3)(4,5), (2,3)(4,6) ^ R-e ^^^^ 
intersection is reducible by Theorem 12.61 Computing i?(i,3){4,6) and i?{i,6){2,5) we get 
'B(i,3)(4,5) n i3(2,3){4,6) = 'B(i,3)(4,6) U i3(i,6){2,5) SO that the intersection is reducible and 



dimi3(i 



(1,3)(4,6) 



2 ■ 4 - 2 = 6, dim 



(1,6)(2,5) 



2-4-4 = 4. 



5.2. As we explained in the introduction the meanders consisting of link patterns 
of orbital varieties that is M^^^^^, where S,T E Tah(^n-k,k)* are the most simple on 
one hand and the most important on the other hand. To simplify the notation we 
put Pt := Par and Ms^t ■= M, 



By the very nature of the ordering of B orbits if Vt H Vs is of higher (than 1) 
codimension and Ba is a component of the intersection there exist Br (ZVt, Br Vs 
and Br' C V5, Br' <f- Vt such that dim St = dimfi^' = dimmer + 1 and B^ is a 
component of their intersection. Thus, the description of the intersections of higher 
codimension involves the description of intersections of codimension 1 for general 
B orbits. Just to illustrate this point let us show that the example of 15. II provides 
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US with the intersection of codimension 2 of two orbital varieties which is not only 
reducible but also is not of pure dimension. This is the example from [131 5.7]. 
Consider 

13 12 

rri 2 6 JO 3 5 

1 = ^ and -J = ^ 
5 6 

so that (Tt = (2, 3) (5, 6) and = (1, 2)(4, 5). One has dim;B(2,3)(5,6) = dimS(i,2){4,5) = 
8. The corresponding meander is 




3 4 




Comparing with the meander in 15.11 we see that i3(i^3)(4^5) C i3(i^2)(4,5) of codimen- 
sion 1 and ^(i,3)(4,5) ^ 'B(2,3){5,6), also S(2,3){4,6) C -B(2,3){5,6) of codimeusiou 1 and 
'B(2,3){4,6) 'B(i,2){4,5) Morcovcr computing RaT,cTs we get 








\o 



2 
1 
1 
1 

0/ 



^(1,3)(4,5), (2,3)(4,6) 



Thus, exactly as in 15.11 we get 

Vt n = (i3(i,3)(4_5) n i3(2,3){4,6)) H (^(4,2)* = (^(1,3)(4,6) U S(l,6){2,5)) H (^(4,2)* 

and dim;B(i^3)(4^6) = 6 and dimi3(i^6){2,5) = 4 so that VtHV^ contains one component 
of codimension 2 and another component of codimension 4. 

5.3. To formulate the statement on the intersections of codimension 1 we need 
more notation. 

Arcs of Ms^T never intersect one another. A connected subset of arcs in Ms^t can 
be either open or closed . If it is open we call it an interval. If it is closed we call 
it a loop. The number of arcs in a path V is called the length of P, we denote it 
by L{V). Note that if P is a loop L{V) is even. An interval can be either of even 
length, then we call it even, or of odd length, correspondingly we call it odd. We 
call a meander even if it consists only of loops and even intervals. Otherwise we 
call it odd. For example, the meander in 15.21 consists of two even intervals (each 
one of length 2) so it is an even meander. 
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Now we can formulate our result. 

Theorem. For S.T E Tab(„_fc,fc)« one has codim j^j.{J-'t H JF?) = I if and only if 
Ms,T is an even meander with k — 1 loops. In this case Tt H Ts is irreducible. 

Proof. Note that codim Vy(VT n Vs) = 1 iff V{(Tr) n V{as) ^ 0. 

Since for a' G D{(Tt) one has dimBo-' = k{n — A;) — 1 we get that either there is 
one fixed point under one arc of Po-/ or exactly two arcs of P^i intersect. 

Let Per' be a link pattern with one fixed point under one arc. Let m be this fixed 
point and (z, j) be the corresponding arc. There are exactly two ways to get a bigger 
link pattern (that is without fixed points under an arc and without crossings) and by 
maximality of dimension each one of them is a link pattern of some orbital variety: 




where dots on [i + 1, m — 1] are all end points of arcs belonging to T^i^raiPa') and dots 
on [m + 1, J — 1] are end points of arcs belonging to TTmjiPcr')- 

Note that Ms^t in that case consists of A; — 1 loops {is,js) 7^ {i,'>T^), (all 
the loops are of length 2) and a unique even interval (of length 2) connecting i and 
j via m: 




Now let Pa' have two intersecting arcs. Let {i,j), {i',j') where i < i' < j < f be 
these arcs. There arc exactly two ways to get a bigger link pattern (that is without 
crossings and without fixed points under an arc) and by maximality of dimension 
each one of them is a link pattern of some orbital variety: 




where dots on [i + — 1] are all end points of arcs belonging to 7rj^j/(Po-/), dots on 
[i' + — 1] are all end points of arcs belonging to tTj/ j {Pa') and dots on [j + 1, / — 1] 
are all end points of arcs belonging to 7Tjj'{Pa'). 

Note that Ms^t consists of A; — 1 loops: k — 2 loops of type (^s,is) (of length 2) 
where {is,js} H = and a loop (of length 4) involving , j, j'}: 




Thus, in both cases we get an even meander with k — 1 loops. Let Ms^t be a 
meander with 2k arcs. If it is even and contains A; — 1 loops then it must contain 
k — 2 loops of length 2 and either one loop of length 4 or one more loop of length 2 
and one even interval of length 2, so that the cases above are all possible cases for 
even meanders with A; — 1 loops. 

Also, one can see from the pictures above that for a e V^ax) there exists exactly 
one S such that V^j. fl V^g D {cr} and in this case V^j, fl V^^ = {a} so that the 
intersection of codimension 1 is irreducible. □ 

5.4. Let us compare the results above to the results of Wesbury [18] which were 
applied by Fung [2j to two-row case. In this subsection we formulate the results 
which coincide with our results on two-column case. 

For T e Tab(„_;t,fc)- let /(T) := /(P,J := /(ctt) := {^ : {i,i + l)e ar} = {^ : 
i G (Ti), i + I E {T2)}. For example, take 

1 4 

2 5 
T= 3 7 

6 8 
9 



Then aj. = (3, 4) (2, 5) (6, 7) (1, 8) and /(T) = {3,6}. 
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Given i e (Ti), j e (T2) put Ti±^j to be a tableau obtained from T by interchang- 
ing columns of i and j if an array obtained in such a way is a tableau. Otherwise 
Ti±^j = 0. Note that if j < i then Tit^j 7^ always. If j > i then Tit^^ ^ iff 
sh (7ri,i(r)) = {i-k', k'Y where i - fc' > A;' + 1 and sh (7rij(T)) = (j - k" , k")* where 
j - k'' > k". 

If i ^ I{T) put 

T^^(i)t^i if i, i + 1 e (T2) 
T,+it^i if i e (Ts) and i + 1 e (71) 

Tj+it5o.y(j+i) if ?;,?; + 1 G (Ti) and crT(« + 1) 7^ « + 1 
if 1 e (Ti) and (jT(i + 1) = ^ + 1 

Note that in the last case crr(^) = i as well. And this is the only case when u,j(T) = 0. 

The picture is much more clear on the level of link patterns. Let T be such that 
i ^ I{Pt). then Ui{PT) 7^ iff {z, ^ + 1} n (Pt) ^ 0- 

In this case 

• If + C (ctt) then Ui{aT) := (T„.(r) = {(JT)i±^<jT{i+i) and Mr,„.(T) consists 
of A; — 2 loops of length 2 and one loop of length 4 with the points -\- 
1, (TT(i), (TT(i + 1)}. There are 3 possible situations shown below: 

../.\....A.. 

(Tr(i + 1) (JT(^) i i+1 





i i + 1 



i,i + le (Ti) 




i i + 1 arii + 1) o■T(^) 



A . . . 

i i + 1 arii + 1) crT{i) 
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• If + 1} ^ {ax) then 

— If 2 G {(7t) and i + 1 ^ {ar) then i G i + 1 G (Ti) and Ui{aT) '■ = 

^Ui{T) = (c"t)o-t(«)^«+1; so that Mx^uiiT) consists of A; — 1 loops of length 
2 and one interval of length 2 consisting of arcs {aT{i),i), + 1) as 
it is shown at the picture below: 

A 

axii) i i + I 




— If z + 1 G {ax) and i ^ (cr^) then i,i + 1 G (Ti) and Ui^ax) '■= cru.i(T) = 
(c"T)(Tr(i+i)^i so that Mx^UiiT) consists of — 1 loops of length 2 and an 
interval of length 2 consisting of arcs {i, i + I), + 1, (Jrii + 1)) as it is 
shown at the picture below: 

. . A . . . 

i i + 1 axii + 1) 




i i + 1 arii + 1) 



Note that in both cases we get by Theorem 15.31 that codimvy(VT H V„.(t)) = 1. 
Moreover, if z ^ I{T) then Ui{T) is the only tableau in {S G Tah(^n-k,k)* '■ i ^ -^('S')} 
such that codimvj,(VT H V5) = 1. 

Further, by [THl 7] one can define inner product on Templerley-Lieb algebra of 
{Pt : T G Tab(„_jt fc)} where link pattern for T G Tab(„_fc fc) is defined exactly 
in the same way as it is defined here (that is Pt := -Pr*-)- Then for two basis elements 
Pt, Ps '■ T, S E Tab(^n-k,k) one has either < Pt,Ps >= ^'^ where 0<s<A;— lor 

< Pt, Ps >= 0. The W graph of link patterns with vertices {Pt : T G Tab(^n~k,k)} 
each labeled by the set I{T) (where i G I{T) if i is in the first row of T and i + 1 
in the second row of T, that is I(T) := I{T^)) and edges connecting Pt and Ps if 

< Pt, Ps >= is a graph of Kazhdan-Lusztig type. Moreover, translating the 
result to our language we get < P^t, Py* >= 5*^"^ iff Ms^t is an even meander with 
k — 1 loops. 

Comparing to our results we get that for S,T E Tah(^n~k,k)* one has codim ^^^(jFTn 
J-'s) = 1 iff < Pst, Pt^ >= Thus, in particular W graph of link patterns with 
vertices {Pt : T G Tah(^n-k,k)*} labeled by the set /(T) and edges connecting 
Pt and P5 if codimvs(VT H V^) = 1 coincides with the graph of corresponding 
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Templerley-Lieb algebra and respectively it is of Kazhdan-Lusztig type. As it was 
shown by F. Fung codim jr (jF^-t fi jF^t) = 1 exactly in the same cases. 



5.5. More generally, in [18j and ^ it was shown that for Ps, Pt '■ S,T E Tah(^n-k,k) 
< Ps, Pt >= 



6^ if Ms^T is an even meander with r loops; 
if Ms,T is odd. 

They showed this theorem using the proposition that for Ps, Pt '■ S,T E Tab(,„_fc fc) 
such that i e !{Ps) and i /(-Pt) one has 

< p p >= / < Ps, Pum > if u^iPr) ^ 0; 
^ 1 otherwise. 

F. Fung in j2] considered the intersections of J-'t '■ T G Tab(„_jt^fe). By [2, 7] for 
T,S e Tab(„_fc,fc) one has 

A- (T r^T\ j k-r a <Ps,Pt>=5' 
codim^,(^T n ^5) = I if < p^ 

He showed this using the same technique, namely showing that for i G I{Ps), i ^ 
I{Pt) one has 

poHim (T nr ^ - ! codim^^(J^5 n + 1 if Wi(Pr) 7^ 0; 

codim (^T n -^5) - I otherwise. 

However the results on the intersections of higher codimensions in two-column 
case are very different from those of Westbury and Fung . First of all note that 
since J-'t fl JF5 7^ for S", T G Tah(^n-k,k)* it cannot occur that codim jr^, (jFp fi J-'s) = 
codim jr^,(JFpt n JF^t) for all S,T e Tab(„_fc,fc).. 

It is interesting that the deviations of the codimensions are directed in both sides. 
On one hand, if Ms^t is odd then codim j^j, (jFy fi J-'s) < codim p^^^ (jFj^t fi jFjt) ( 
since J-'t* H jF^t = 0). On the other hand, for even meanders with less than k — 1 
loops it seems that codim j^j, (JF^^ fl J-'s) > codim ^^^^ (jF^t fi J-'s^)- We do not prove 
this here, we only show by the example that the technique of passing from Mt^s 
to Mui{T),s explained above does not work in two-column case. Namely we give an 
example of 5, T G Tab(„_fc^fe). such that i G I{S) and i ^ I{T) and Ui{T) 7^ and 
codim ^3 (JF^ n JF^) > codim^3(JF^^(T) n J^s) + 1 : 

Let us consider S,T E Tabg shown below. Note that 2 G I{S) and 2 ^ I{T) so 
that 

13 15 13 

2 4 ^ 2 6 .^.2 5 

6 4 6 

The corresponding meanders are: 
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and 



Ms,u2{T) 



5 6 



By Theorem 15.31 codim j^^Ts H ^ui{t) = 1- On the other hand, a straightforward 
computation shows that fl Vt is irreducible and its only component is i3(i,6)(2,5) 
with dim;B(i_6)(2,5) = 8 — 4 = 4 so that codim jc-.,^^ fi Tt = codim j^gJ-'s H ^u2(t) + 3. 

One can define /(a) and respectively Ui{a) for any a not only for ar but in general 
case dimi3„^(o-) > dim So- and the difference between these two dimensions can be 
quite big. And this is the reason of the jumps of codimension of the intersections. 
But the details of this general theory are very involved on one hand and Tt H J^s 
of higher codimensions are not that interesting from the geometric point of view on 
the other hand, so we stop here. 

5.6. Let us note at the end that there exists a very easy sufficient condition for 
J-'t^iJ-'s to be reducible. Generalizing this condition we can obtain the necessary and 
sufficient condition for the intersection to be irreducible, but again, the formulation 
of this condition is too involved. 

Consider Ms^t and put [ii, ji], [^2? j2]5 • • • to be the segments such that {Rs,T)isjs = 
1 and {Rs,T)p,q = for any [p,q] C [is,js]- We order these segments in increasing 
order (that is < ^2 < • • •) and call them 1-segments of M^^. 

Proposition. Consider S,T G Tab(„„fc;;)* Let [ii, ji], . . .[it, jt] be 1-segments of 
Ms^T- If there exists s : 1 < s < t such that either i^+i = jg or ig^i < jg and 
{Rs,T)is,js+i = ^^^'^ n is reducible. 

Proof. First of all note that for a 1-segment [^s,is] there exists a component B^r 
of B„g n So-j, such that {is,js) ^ c"- Indeed, by the definition of [is,js] one has 
(^s)is) ~< o'Si'^T- Thus, by proposition 13.101 there exists a component involution 
a of B„g n Ba^j, such that a >- {is,js)- In particular, this provides (-Ro-)j^j., > 1. 
On the other hand, for any [p,q] C [is,js] one has {Ra)p,q < {Rs,T)p,g = and 
iRa)is,js < iRs,T)is,js = 1- Thus, iRa)i,,j, = 1 and (isjs) e c^- 

If is+i = js then there exist component involutions a, a' of Bt H Bs such that 
{is,js) £ and {js,js+i) ^ cr'- Obviously, B„, B„i are two different components of 
the intersection. 

If is+i < js then there exist component involutions a, o' such that {is,js) & cr and 
{js,js+i) G cr'. li a = a' we get {is,js), {is+i,js+i) G (x so that {Ra)i,,j,+i = 2 which 
contradicts the condition {Rs,T)is,js+i = 1- Thus, again, B^, B^' are two different 
components of the intersection. □ 
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